A state-space solution to the H 1 control problem for periodic multirate systems is presented. The solution is based on the lifting method, where an equivalent timeinvariant system description is derived for the original periodic multirate problem. The H 1 -optimal controller for the multirate system is expressed in terms of two algebraic Riccati equations. The so-called causality constraints are represented by a set of positive de niteness conditions and coupling criteria.
Introduction
Multirate systems appear in digital control systems when di erent parts of the control system operate with di erent rates. Due to the rapid development of computer technology facilitating the implementation of such systems, multirate control problems have received a considerable interest lately. The development of a theory for multirate systems started in the late 1950's with the work by Kranc 15] , Kalman and Bertram 13] and Friedland 10] . More recent work on multirate systems is concerned with e.g. system analysis and stability 2, 12, 18, 19, 20] , optimal control of multirate systems with a quadratic cost function 1, 4, 5, 7, 16, 17, 21, 25] , and H 1 control of multirate systems 6, 25, 26] . The lifting technique is a standard procedure that is commonly applied to periodic multirate systems to represent the periodic system by a time-invariant, lifted system, e.g. 6, 20, 21, 25, 26] . The lifted system has as its inputs and outputs the inputs and outputs during one period of the periodic system. The main difculty encountered in this approach is the causality constraint, which has limited the applicability of standard state-space solutions on the lifted system description. Previous solutions to the multirate H 1 problem have therefore been derived through constrained model matching 6, 25, 26] . In this work, a state-space solution based on the lifting technique is derived for the periodic multirate H 1 problem. The solution consists of two standard discrete algebraic Riccati equations, a set of matrix positive de niteness criteria and a set of associated coupling conditions. An interesting feature of the result is that the algebraic Riccati equations are exactly those associated with the H 1 problem for the lifted time-invariant system description without causality constraints. The causality constraint appears in the solution as a set of positive de niteness criteria and coupling conditions. These conditions are easy to check, as they are analogous to the criteria appearing in the standard discrete-time solution. Thus, standard discrete-time solution methods can be applied.
Problem statement
Consider a linear time-invariant nite-dimensional discrete-time plant described by x(t + 1) = Ax(t) + B 1 w(t) + B 2 m(t); x(0) = 0 z(t) = C 1 x(t) + D 12 m(t); t = 0; 1; 2 : : :
where x(t) 2 R n is the state vector, w(t) 2 R m1 is the disturbance, m(t) 2 R m2 is the control signal and z(t) 2 R p1 is the controlled output. The measurements used for feedback are assumed to be available periodically, such that the measurement signal y( ) is given by y(t) = C 2 (t)x(t) + D 21 (t)w(t); (2) It is assumed that the measurement function is periodic with the period N, i.e. C 2 (t) = C 2 (t + N); D 21 (t) = D 21 (t + N). The outputs may be sampled with different rates. The signal y(t) contains only those measurements which are available at time t, i.e. it has a periodically time-varying dimension. The updating of the control signals is assumed to be generated by the following N-periodic mechanism, cf. 8]:
where H(t) := diagf 1 (t); 2 (t); : : :; m2 (t)g is an Nperiodic matrix function which selects the control signals to be updated at time instant t. The functions i (t) take the value 1 if the i:th input is updated at time instant t, and zero otherwise. The control signal u(t) contains only those signals of m(t) updated at time instant t. The matrix H u (t) is therefore a submatrix of H(t), which consists of the nonzero columns of H(t). It is assumed that the hold function is synchronized at t = 0, i.e. H(kN) = I. 
The multirate H 1 control problem is de ned as follows:
Find an admissible controller K, if one exists, which achieves a speci ed attenuation level > 0, such that J 1 (K) < .
Main results
In this section, the lifting technique is applied to represent the periodic multirate H 1 control problem as an equivalent time-invariant H 1 problem. A controller can then be designed for the time-invariant lifted system, but the requirement that the controller for the lifted system should represent a causal controller imposes restrictions on the controller structure. Due to this causality constraint, standard controller synthesis methods have not been directly applicable to the problem of designing controllers for periodic systems via lifting. Various special methods have therefore been studied for the problem of designing optimal controllers which satisfy a causality constraint 6, 21, 25, 26] . In this section, a two-Riccati equation solution is presented to the H 1 problem for lifted systems with controller causality constraints. Separate solutions to the periodic full-information, state-feedback, estimation, and output feedback problems are given.
The multirate full-information and statefeedback problems
Consider the N-periodic discrete system in (4). Consider the problem of nding a causal stabilizing Nperiodic full-information controller
such the closed-loop system has l 2 -induced norm (6) from w to z less than .
Introduce the lifting operator L N : 
+D 12 H (p + 1; q + 1)H u (q); p > q. Notice that the lifted system (8) has an n-dimensional state vector. This is due to the assumption H(kN) = I, i.e., that all inputs are updated at time instants kN. If the state of the lifted system were de ned at time instants where only part of the inputs are subject to change, then the state of the lifted system would include those elements of x m which are not updated at these time instants, cf. the augmented state in (4) . From the construction of the lifted system (8) The controller (7) stabilizes the periodic system (4) if and only if the controller (10) stabilizes (8), and the l 2 -induced norm of the closed-loop system (4), (7) is equal to the H 1 norm of the closed loop (8), (10) . The problem of constructing a stabilizing periodic fullinformation controller for (4) which achieves a specied l 2 -induced norm bound can thus be reduced to an H 1 -optimal full-information control problem for the time-invariant lifted system (8) . However, the equivalent H 1 problem de ned for (8) is not a standard H 1 problem, because the requirement that (7) should be causal imposes corresponding causality constraints on the structure of the lifted controller in (10) . In particular, partitioning K w in compliance with u and w u , the direct coupling term of K w should be lower block triangular.
The following theorem gives a state-space solution to the causally constrained lifted full-information H 1 problem associated with the multirate H 1 -optimal full-information problem.
Theorem 3.1 (Full-information) Consider the Nperiodic system (4) and the associated lifted system (8).
There exists a stabilizing full-information controller K L described by (10) such that K fi is causal and such that the closed-loop system (8), (10) (4), which describes the system behavior between the discrete time instants kN and kN + N, we have similarly the expansion associated with the Riccati di erence equation (15) where denotes an irrelevant block. This implies, together with (11) and (15) , that S e (0) = S e (N). The result of the theorem then follows from (17) , (18), (19) , the de nitions of x and x e , and by standard discrete H 1 control theory 3, 11, 24] . 
A multirate estimation problem
An analogous result dual to the full-information feedback solution is obtained for the multirate estimation problem. De ne the nite-dimensional N-periodic discrete-time system associated with the multirate system (1), (2)
The multirate H 1 -optimal estimation problem consists of nding an N-periodic stable causal estimator z = Fy 
The time-invariant system obtained by applying lifting to (20) over the period N of the sampling function is given by
where x(k) := x(kN) and the lifted signals w and z are de ned as in (8), and y := L N y. The system matrices of the lifted system are obtained analogously to (9) .
The N-periodic estimator described by (21) 
for the system (23) if and only if F achieves the bound (22) for the system (20) . The multirate H 1 -optimal estimation problem can thus be described in terms of a time-invariant H 1 -optimal estimation problem for the lifted system (23) subject to a causality constraint imposed by the causality of (21) and the structure of (24) . More speci cally, the direct coupling term of F L is required to have a lower block-triangular structure.
The following theorem gives a state-space solution to the causally constrained lifted H 1 estimation problem associated with the multirate H 1 -optimal estimation problem.
Theorem 3.3 (Multirate estimation)
Consider the N-periodic system (20) and the associated lifted system described by equation (23) . There exists a stable estimator F L described by (24) such that F is causal and such that the H 1 performance bound (25) is In analogy with the full-information and state-feedback problems, the time-invariant lifted estimator F L associated with (28) which achieves the performance bound (25) can be determined by applying lifting to the periodic estimator (28).
Multirate output-feedback problem
The causally constrained lifted state-feedback controller and estimator results of Theorems 3.1 and 3.3 can be combined to provide a lifting-based solution of the multirate output feedback problem. Remark 3.5 The set of all stabilizing controllers satisfying the bound (6) can be constructed from (29) using a linear fractional transformation, cf. 14].
Conclusion
A state-space solution to the multirate H 1 problem has been derived using the lifting technique. This paper provides a closed solution in terms of algebraic Riccati equations to the equivalent lifted time-invariant H 1 problem with causality constraints. The solution is expressed in terms of a pair of discrete-time algebraic Riccati-equations together with a set of matrix positive-de niteness conditions and a set of coupling constraints. The state-space solution presented here using the lifting approach can be shown to be equivalent to a direct solution in terms of periodic Riccati equations 23].
A particular feature of the algebraic Riccati equations is that they are the same as those associated with the unconstrained lifted discrete-time H 1 -problem. The causality constraint of the multirate problem appear here as a set of additional positive-de niteness constraints and a set of coupling restrictions.
